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Abstract The understanding of the pion structure as de-
scribed in terms of transverse-momentum dependent parton
distribution functions (TMDs) is of importance for the inter-
pretation of currently ongoing Drell-Yan experiments with
pion beams. In this work we discuss the description of pion
TMDs beyond leading twist in a pion model formulated in
the light-front constituent framework. For comparison, we
also review and derive new results for pion TMDs in the bag
and spectator model.
Keywords quark-gluon structure, higher twist, transverse
momentum dependent distribution functions
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1 Introduction
The pion is one of the few hadrons, besides nucleon and nu-
clei, whose partonic structure can be studied, mainly thanks
to the Drell-Yan process (DY) [1, 2] with pion beams im-
pinging on nuclear targets [3–6]. DY data provide access to
the twist-2 “collinear” parton distribution function (PDF) of
the pion f a1 (x) [7–14] and more. In fact, the unpolarized DY
cross section differential in the dilepton angular distribution,
given in the Collins-Soper frame [15] by
d s
d W µ
(
1+ l cos2 q + m sin2 q cos f + n
2
sin2 q cos2 f
)
,
(1)
provides also information on transverse momentum depen-
dent parton distribution functions (TMDs). In the TMD fac-
torization framework, the coefficient l is due to the twist-2
unpolarized TMD f q1 (x, pT ) and 1/Q2-suppressed terms, m
arises from certain twist-3 TMDs [16], n is due to the naive
time-reversal odd (T-odd) Boer-Mulders function [17]. One
important current development consists in extending the DY
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measurements to include polarization effects, which is be-
ing pursued with polarized proton beams at RHIC (BNL)
[18] and pion beams impinging on polarized proton targets
at COMPASS (CERN) [19, 20]. These experiments will test
the TMD factorization approach, in particular the predicted
sign change of naive T-odd TMDs [21], and provide new
insights on the nucleon structure.
In our context, the COMPASS program is of particu-
lar interest. It will give at the same time new insights on
the pion structure at leading and subleading twist, and will
go far beyond what was learned from earlier Fermilab and
CERN experiments [22–24] owing to the availability of a
polarized target. Moreover, previous measurements suffered
from limited statistics, and most of them found for instance
a subleading-twist coefficient m compatible with zero. Also
with this respect new data from COMPASS may improve
the situation [19].
Higher-twist PDFs and TMDs are of interest in their
own right, as they provide a window on quark-gluon dynam-
ics. By exploring the equations of motion (EOM) of QCD,
higher-twist PDFs and TMDs can in general be decomposed
into contributions from leading-twist, current quark mass
terms and pure quark-gluon interaction-dependent (“tilde”)
terms. An interesting question is how such genuine QCD
interaction-dependent terms are modeled in constituent frame-
works, which for our purposes are defined as models without
explicit gluon degrees of freedom.
In a previous study we addressed this question in the
context of unpolarized nucleon PDFs and TMDs [25]. We
have shown that internally consistent descriptions of the un-
polarized leading- and higher-twist PDFs and TMDs are pos-
sible using several constituent model approaches. The re-
spective effective interactions mimic in various ways the
QCD quark-gluon interactions, giving rise to non-trivial tilde-
terms in some models. To which extent constituent mod-
els can provide phenomenologically reliable estimates for
higher-twist effects remains to be tested. At least an encour-
aging agreement was observed [25] in the case of the nu-
cleon twist-3 PDF eq(x) of which recently a first extraction
became available [26].
In this work we will present a study for the pion case.
The main scope is to prepare an understanding of T-even
pion TMDs at leading and especially subleading twist in
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the framework of constituent models which can be tested
and used in future phenomenological applications to ana-
lyze and interpret first data. Our particular focus will be on
critically reviewing the internal consistency of the models,
and assess their range of applicability. We will also inves-
tigate how the genuine higher-twist terms are modeled in
different effective-model frameworks. Our focus will be on
the aspects peculiar to the meson sector, i.e. on aspects re-
lated to the modeling of 2-body dynamics of the qq¯-pair in
the pion as opposed to the modeling of 3-body dynamics in
the nucleon state investigated in prior work [25].
The three models discussed in this work are the light-
front constituent model (LFCM), bag and spectator model.
All results for higher-twist TMDs are new and original in
the LFCM and bag model. In the spectator model analytical
expressions for twist-3 pion TMDs were quoted in literature,
but to the best of our knowledge they were neither evaluated
nor were their properties discussed. We discuss and compare
the results from the different models with the goal to estab-
lish differences and common features of constituent frame-
works of the pion structure.
It is important to keep in mind that none of these mod-
els accounts for the perhaps most important feature of the
pion, namely its nature as Goldstone boson associated with
spontaneous chiral symmetry breaking. Instead, the models
discussed in this work treat the pion on the same footing as
all other hadrons, i.e. as a particle composed of the respec-
tive constituent degrees of freedom. In our assessment of the
applicability of the models, we shall also discuss the rational
for this approach. A study of twist-2 pion TMDs in a chiral
(Nambu-Jona-Lasinio) model was presented in Ref. [27].
The outline is as follows. In section 2 we define and dis-
cuss the properties of pion TMDs in constituent models. In
section 3 we study pion TMDs in the LFCM. In section 4 we
review the descriptions of pion TMDs in the bag and specta-
tor model. In section 5 we present the numerical results from
the different models and compare them to nucleon TMDs.
Finally, section 6 contains the conclusions. Technical details
are collected in the appendices.
2 T-even pion TMDs in quark models
TMDs are described in terms of quark correlators. In con-
stituent approaches without explicit gluon degrees of free-
dom, the Wilson lines of QCD reduce to unit matrices in
color space. As a result T-odd TMDs are absent, and only
T-even TMDs appear. The structure of a spin-zero hadron,
like the pion, is described in terms of 4 TMDs,
∫ dz−d2zT
2(2 p )3
eip·z 〈P| y (0)g + y (z)|P〉|z+=0 = f q1 (x, pT ), (2a)∫ dz−d2zT
2(2 p )3
eip·z〈P| y (0) 1 y (z)|P〉|z+=0 =
m
p
P+
eq(x, pT ),
(2b)∫ dz−d2zT
2(2 p )3
eip·z〈P| y (0)g jT y (z)|P〉|z+=0 =
p jT
P+
f⊥q(x, pT ),
(2c)
∫ dz−d2zT
2(2 p )3
eip·z〈P| y (0)g − y (z)|P〉|z+=0 =
m2
p
(P+)2
f q4 (x, pT ).
(2d)
Here |P〉 is a pion state with 4-momentum P, q is a flavor
index for the quark and antiquark contribution and m
p
is
the pion mass. We use light-front coordinates a± = (a0 ±
a3)/
√
2, aT =(a1,a2) with aT ≡ |aT | and the metric is a ·b =
a+b−+ a−b+− aT ·bT with d4z = dz+dz−d2zT . The model
results generically refer to a low (“hadronic”) normalization
scale below 1 GeV [28–30]. Integrating Eq. (2) over pT pro-
vides the definition of the corresponding PDFs. Note in par-
ticular that because of the explicit p jT factor in Eq. (2c) there
does not exist any PDF counterpart to f⊥q(x, pT ). One can
however formally define f⊥q(x)≡ ∫ d2 pT f⊥q(x, pT ).
Sum rules are of particular importance when testing the
consistency of models. Let Nq be the valence number of fla-
vor q, which is for instance Nu = N ¯d = 1 in p +. The sum
rules are given by
∫
dx f q1 (x) = Nq , (3a)
å
q
∫
dx x f q1 (x) = 1 , (3b)
å
q
∫
dxeq(x) = s p
mq
, (3c)
∫
dx x eq(x) = mq
m
p
Nq , (3d)
2
∫
dx f q4 (x) = Nq. (3e)
The valence number sum rule (3a) is the same in QCD and
constituent models, but the momentum sum rule (3b) is sat-
urated solely by valence degrees of freedom in constituent
models at the initial scale (with the exception of the spec-
tator model which we will discuss in detail). Equation (3c)
formally relates eq(x) to the sigma term [31, 32], which cor-
responds to the scalar form factor s (t) at zero-momentum
transfer. The sigma term of the pion is given by s
p
= 12 m p in
the leading order of the chiral expansion. Since m2
p
µ mq ow-
ing to the Gell-Mann–Oakes–Renner relation, the sum rule
(3c) for the pion diverges like 1/m
p
in the chiral limit. The
Jaffe-Ji sum rule (3d) connects the first moment of eq(x)
to the current quark mass mq in QCD, or the constituent
(or effective) mass in models [25, 33]. In the chiral limit
this sum rule goes to zero like m
p
. The sum rule (3e) for-
mally arises from the normalization of the minus-component
of the vector current, just as (3a) arises from the normal-
ization of its plus-component. The validity of (3e) is sub-
tle, both in QCD and in quark models [25], as we shall
discuss in sections 3 and 4. In equation (3c) and through-
out this work, we neglect isospin-violating effects and as-
sume mq =mu =md for current or constituent quark masses.
Unless otherwise stated, we will refer to the distributions
in positive pions using the notation ju
p
+(x, pT ) ≡ jq(x, pT ),
where ju
p
+ = j ¯d
p
+ = jd
p
− = ju¯
p
− = 2 ju
p
0 = 2 ju¯
p
0 = 2 jd
p
0 = 2 j ¯d
p
0
holds due to isospin symmetry and charge conjugation, and
jq(x, pT ) denotes a generic TMD.
Positivity inequalities provide another important test, al-
though they can be spoiled in QCD already at leading twist
Transverse pion structure beyond leading twist in constituent models 3
(let alone at twist-4) due to subtractions in the renormaliza-
tion procedure. In consistent models one expects [25]
f q1 (x, pT )≥ 0, (4a)
f q4 (x, pT )≥ 0. (4b)
In approaches without explicit gauge-degrees of free-
dom, the quark correlator of a spin-zero (or unpolarized)
hadron has a general Lorentz decomposition in terms of 3 in-
dependent amplitudes parametrized in terms of 4 TMDs. In
such situations “quark-model Lorentz-invariance relations
(qLIRs)” arise [34]1. In our case, the qLIR is given by [25]
f q4 (x) =
1
2
f q1 (x)+
d
dx f
⊥q(1)(x), (5)
with f⊥q(1)(x) = ∫ d2 pT p2T2m2
p
f⊥q(x, pT ).
It is important to remark that f q1 and the twist-3 pion
TMDs eq and f⊥q can be accessed in DY [16], but not the
twist-4 TMD f q4 which therefore has to be considered as an
academic object. Nevertheless f q4 completes the description
of the quark correlator through twist-4 [37], and the relation
(5) is of value as it provides a powerful test for the theoreti-
cal consistency of a model.
Next, let us state the relations which result from employ-
ing the EOMs
xeq(x, pT ) = x e˜q(x, pT )+
mq
m
p
f q1 (x, pT ), (6a)
x f⊥q(x, pT ) = x ˜f⊥q(x, pT )+ f q1 (x, pT ), (6b)
x2 f q4 (x, pT ) = x2 ˜f q4 (x, pT )+
p2T +m2q
2m2
p
f q1 (x, pT ). (6c)
In QCD the tilde-terms are expressed in terms of quark-
gluon-quark correlators. In quark models, they still denote
“interaction-dependent terms” which arise from applying the
respective model EOMs.
3 Pion structure in the LFCM
In this section we discuss pion TMDs in the LFCM. We
first derive the general expressions for the subleading-twist
TMDs in leading order of the Fock space expansion for the
pion, and discuss the consistency of the approach. We then
introduce the phenomenological model for the light-front
wave-functions (LFWFs) which we will employ later to ob-
tain definite predictions.
3.1 General formalism
The formalism for the calculation of the unpolarized higher-
twist T-even TMDs in the light-front framework has been
discussed in Ref. [25], with an explicit application to the
nucleon. The same approach is adopted here in the case
of pion. We recall that in light-front quantization the Fock-
space expansion of the hadron states is performed in terms
1 We stress that such relations are valid only in quark models (or
for the (academic) TMDs with straight gauge links implemented in
lattice calculations [35]), and should be distinguished from the LIRs in
collinear twist-3 formalism recently derived in Ref. [36].
of free on-mass-shell parton states with the essential QCD
bound-state information encoded in the LFWF. The qq¯ com-
ponent of the light-front state of the pion can be written as
| p ( ˜P)〉qq¯ = å
l 1,l 2
∫
d[1]d[2] Y qq¯
l 1 l 2
(r1,r2)| l i, p˜i〉 , (7)
where Y q q¯
l 1 l 2
is the qq¯-LFWF with l 1 ( l 2) and q (q¯) referring
to the light-front helicity and flavor of quark (antiquark), re-
spectively. The LFWF includes an isospin factor T
p
which
projects onto the different members of the isotriplet of the
pion, i.e. T
p
=
å
t 1,t 2〈 12 t 1 12 t 2|1 t p 〉 with t 1, t 2 and t p the
isospin of the quark, antiquark and pion state, respectively.
In equation (7) ri = (xiM0, pTi), and M0 denotes the mass of
the non-interacting qq¯ state. Furthermore, we introduced the
notation p˜ = (p+, pT ) for a generic light-front momentum
variable p. Since momentum conservation implies pT 1 +
pT 2 = 0T and x1 + x2 = 1, the LFWF actually depends only
on the variables x¯ = x1 and k k k T = pT 1. The integration mea-
sure in Eq. (7) is defined as
d[1]d[2] = dx1 dx2√
x1x2
d (1− x1− x2)
×d
2 pT 1 d2 pT 2
2(2 p )3
d
(2)(pT 1 + pT 2) , (8)
so that we can write∫
d[1]d[2]F(x1, pT 1,x2, pT 2)
=
∫ dx¯√
x¯(1− x¯)
d2 k T
2(2 p )3
F(x¯, k k k T ,1− x¯,− k k k T ). (9)
The pion TMDs are given by the expressions
f q1 (x, pT ) = Pq(p˜), (10a)
xeq(x, pT ) =
mq
m
p
P
q(p˜), (10b)
x f⊥q(x, pT ) = Pq(p˜), (10c)
x2 f q4 (x, pT ) =
p2T +m
2
q
2m2
p
P
q(p˜), (10d)
which formally coincide with the expressions for the unpo-
larized nucleon TMDs [25], except that the quark density
operator Pq(p˜) is evaluated in the pion states, which are
given in terms of the pion LFWFs by
P
q(p˜) =
å
l 1,l 2
|Y qq¯
l 1 l 2
(p˜)|2. (11)
The expressions Eqs. (10a)-(10d) are model-independent in
the sense that they are valid in every light-front approach in
which the Fock space expansion includes the leading (“va-
lence”) sector, and truncates higher Fock space components.
3.2 Internal consistency of the approach
Let us now test the internal consistency of the approach.
From Eqs. (10a)-(10d) we obtain the relations
xeq(x, pT ) =
mq
m
p
f q1 (x, pT ), (12a)
x f⊥q(x, pT ) = f q1 (x, pT ), (12b)
x2 f4(x, pT ) =
p2T +m2q
2m2
p
f q1 (x, pT ), (12c)
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which coincide with the EOM relations (6a)-(6c), respec-
tively, with vanishing tilde terms as expected for free on-
shell partons described in terms of LFWFs.
The valence number sum rule (3a) and the momentum
sum rule (3b) are satisfied in the LFCM by construction. As
a consequence of Eq. (12b), one finds ∫ dxx f⊥q(x) =Nq and
å q
∫
dxx2 f⊥q(x) = 1.
The sum rules for the first and second Mellin moment of
eq(x) in Eqs. (3c) and (3d) are valid with the proofs analog
to the nucleon case [25]. The sum rule (3d) also follows di-
rectly from Eq. (12a), which in addition implies a sum rule
for the second moment
å q
∫
dxx2eq(x) = mq/m p .
The sum rule (3e) for f4(x) is not supported in the LFCM
of the pion, and also the qLIR (5) is not valid. These ob-
servations were also made in the nucleon case [25] and are
related to each other. The fact that the same features occur
in the pion (2-body) and nucleon (3-body) case, indicates
that this is not an artifact but a general property of LFCMs.
To ensure the compliance with the sum rule (3e) it is nec-
essary to consider zero modes in the light-front quantization
[38] or to include higher light-front Fock states [39]. These
considerations are beyond the scope of LFCMs based on the
minimal Fock space, so that both the sum rule (3e) and the
qLIR (5) are consequently not satisfied [25]. The LFCM of
the pion complies, however, with positivity (4a), (4b).
Thus, the LFCM is internally consistent. It satisfies all
general relations except for the sum rule (3e) and the qLIR
(5) which are beyond the scope of this approach, and both
related to the academic twist-4 PDF f q4 (x) such that it has
no relevance for practical applications.
3.3 Phenomenological model for LFWF
To obtain definite predictions one has to choose a specific
model for LFWFs. In this work we choose the pion LFWFs
proposed in Refs. [40, 41]. One could include the effects of
confinement in the light-cone approach [42], but the phe-
nomenological LFWFs of [40, 41] provide already a phe-
nomenologically acceptable description. They were applied
in Refs. [30, 43] to the calculations of leading-twist T-even
and T-odd TMDs, and generalized parton distributions of
the pion. For completeness, we briefly review this model.
The explicit expression for the momentum-dependentpart
of the LFWF reads
˜
y
p
(x¯, k k k T ) =
√
2(2 p )3
√
M0(x¯, k k k T )
4 x¯(1− x¯)
e− k k k 2/2 b 2
p
3/4
b
3/2 , (13)
where k k k = (k k k T , k z) is the quark three-momentum, with
k z = M0(x¯, k k k T )(x¯− 12 ), (14)
and the free invariant mass squared is given by
M20(x¯, k k k T ) =
m2q + k
2
T
x¯(1− x¯) . (15)
The LFWF (13) depends on the free parameter b and the
quark mass mq, which have been fitted to the pion charge
radius and decay constant. In particular, we take mq = 0.250
GeV and b = 0.3194 [40]. For the spin-dependent part of
the LFWF we refer to the derivation in Ref. [30].
The results obtained with this pion LFWF model will be
discussed, and confronted with other models in Sec. 5.
4 Pion structure in bag and spectator model
In this section we discuss pion TMDs in two other models,
the bag and spectator model. We focus on physical aspects
and internal consistency in these approaches, and skip tech-
nical details which are collected in A and B.
4.1 Bag model framework
The bag model describes hadrons in terms of n free quark
and/or antiquark constituents confined inside a spherical cav-
ity of radius Rbag by appropriate boundary conditions [44].
In its simplest version p - and r -mesons are mass-degenerate,
as it makes no difference whether a q¯q-pair is placed in an s-
wave with aligned or anti-aligned spins. This unrealistic sit-
uation can be improved [45] by invoking a gluon-exchange
potential (which is an intrinsic property of the bag wave-
function, and different from the gluonic effects related to
initial- or final-state interactions [46] that give rise to T-
odd TMDs). Also “center-of-mass corrections” were used to
construct wave-packet superpositions of static bag solutions
with naturally light pion masses [47] that met phenomeno-
logical success [48]. A bag model version constructed to
comply with chiral symmetry is the “cloudy bag” [49].
In this work we use the simple MIT bag model with
massless quarks. At first glance this seems not to fit in the
generic picture of massive, effective, constituent degrees of
freedom. But if desired, one can introduce a quark mass pa-
rameter with numerical but no conceptual differences in the
model, with a value around mq ∼ 120MeV [50] which is
natural from the point of view of the constituent picture (al-
though also smaller values were discussed in the literature).
More importantly, the quantum numbers of hadrons are de-
termined by a fixed number of valence (quark, antiquark)
degrees of freedom, which allows one to classify the bag
model as a constituent framework. This approach is there-
fore sufficient for our purposes to investigate generic fea-
tures of TMDs in constituent models. The bag model ex-
pressions for f q1 (x, pT ), eq(x, pT ), f⊥q(x, pT ), and f q4 (x, pT )
in the pion are given in A.1.
Keeping in mind the known general shortcomings, the
description has to be considered as consistent: the bag model
TMDs satisfy the sum rules2 (3a), (3b), (3e). The sum rules
(3c), (3d) are more subtle, and discussed in A.2 where we
show that they are consistently satisfied in the model albeit
in a quite different manner compared to QCD. The bag re-
sults satisfy the inequalities (4a), (4b). As a last and strin-
gent consistency check of the description of higher-twist
TMDs, we remark that the bag model satisfies the qLIR (5).
This was proven analytically for nucleon TMDs in [25]. The
proof can be carried over to the pion case such that also pion
TMDs comply with Eq. (5). The EOM relations (6a)–(6c)
hold with non-zero interaction-dependent tilde-terms which
are due to bag boundary effects [25, 31].
2 For that it is crucial to extend the integrals over the whole x-axis
including negative x and the regions |x| > 1. At negative x the TMDs
describe sea quarks where the bag results violate positivity (4a), (4b)
in the nucleon case. The non-zero (albeit numerically small) support
in the regions |x| > 1 is a technical problem in models where correc-
tions due to center-of-mass motion have to be applied. These issues are
known in the bag model of the nucleon and not specific to the pion.
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Overall we find that the bag model description of higher-
twist TMDs is internally consistent within the model, al-
though not all features of the model are consistent with QCD.
The PDFs in the bag model exhibit also interesting symme-
try properties which we discuss in detail in A.3. We shall
return to the bag model and discuss further properties of
TMDs and numerical results in section 5.
4.2 Spectator model
In the spectator approach the pion structure is modeled in
terms of an effective pion-quark-spectator vertex. The spec-
tator has the quantum numbers of an antiquark but, consti-
tuting an effective degree of freedom, it could in principle
have a different mass. We distinguish the spectator mass MR
and constituent mass mq in the formulae in B, but set them
equal in the final results. This choice is closest to the spirit
of constituent models where, after the active quark is struck,
one would identify the “remainder” with an antiquark. This
is of course not a necessary step. However the rational for
working with a distinct effective degree of freedom is less
convincing than in the nucleon case, where the “remainder”
has the quantum numbers of diquarks, i.e. effective bosonic
degrees of freedom whose masses are a priori free parame-
ters which cannot be associated with the constituent quark
mass. This approach was used to compute the pion TMDs
f q1 (x, pT ), f⊥q(x, pT ), eq(x, pT ) in Ref. [51]. In B.1 we re-
view the expressions for these TMDs, and derive also the
spectator model expression for f q4 (x, pT ).
Let us now concentrate on discussing the consistency of
the approach which, regarding the sum rules (3a)-(3e), is
conceptually the same in the spectator model of the pion as
in the spectator model of the nucleon [25]. The valence sum
rule (3a) is satisfied in this model by construction, as the
normalization of the effective vertex is chosen adequately.
In contrast, the momentum sum rule (3b) is not valid for any
choice of model parameters: one obtains less than unity in
Eq. (3b). In a specific parametric limit, one obtains a quasi
model-independent result that the valence quark and anti-
quark carry 23 of the pion’s momentum. Such “
2
3 -paradoxes”
have a long history in literature, and illustrate that the model
is incomplete, see the detailed discussion in B.2.
The sum rules (3c) and (3d) for eq(x) do not hold in
the spectator model of the pion. This is apparent from the
fact that the first and second moments in Eqs. (3c) and (3d)
should be positive, while eq(x) is negative in this model as
discussed in B.3.
Also the sum rule (3e) for f q4 (x) is not satisfied in the
spectator model, but this has a different origin. Both sum
rules (3a) and (3e) can be traced back to the conservation of
the Noether vector current. The form factors, which are in-
troduced in an ad hoc manner to describe the effective vertex
(see Eq. (39) in B.1) in general violate current conservation.
It is therefore possible to satisfy (3a) or (3e) but not both
sum rules simultaneously.
The spectator model complies with the positivity require-
ment (4a) for f q1 (x), and satisfies the inequality (4b) for f q4 (x)
provided one choses the model parameters appropriately, see
B.3. As a last test of the spectator model, we notice that the
qLIR (5) is satisfied. The proof for that can be carried over
from the nucleon case [25].
Finally, let us remark that the EOM relations (6a)-(6c)
hold in the spectator model of the pion with the tilde-terms
arising due to the off-shellness of the quark, analog to the
nucleon case [25]. Remarkably, in the pion the off-shellness
effects and hence the tilde-terms are large when one iden-
tifies the mass of the spectator particle with the constituent
quark mass. This is discussed in detail in B.4.
5 Numerical results
In order to discuss the model results, we first focus on the in-
tegrated TMDs in the three models in sections 5.1–5.3. Then
we discuss the pT -dependence of the TMDs in section 5.4.
5.1 Integrated TMDs in LFCM
In figure 1 we show the LFCM results for the integrated
TMDs f q1 (x), eq(x), f⊥q(x), and f q4 (x) of the pion in com-
parison with the corresponding results for the down quark in
the nucleon, obtained from the three-quark LFWF of Refs. [25,
52]. In the LFCM the distribution of quark with longitudinal
momentum fraction x is equal to the distribution of the cor-
responding antiquark with longitudinal momentum fraction
1−x, i.e. for instance in p + we have f u1 (x) = f ¯d1 (1−x). Fur-
thermore, one has the relation f ¯d1 (x) = f u1 (x) which gives as
final result a momentum distribution symmetric with respect
to x = 12 . The shape of the unpolarized momentum distribu-
tions for the pion and proton is quite different, reflecting the
different valence-quark structure of the hadrons. For the pro-
ton, the unpolarized momentum distribution of the valence-
quark is peaked at x ≈ 1/3, while for the pion it reaches its
maximum at x = 1/2.
The twist-3 distributions of both the pion and the nu-
cleon can be expressed in terms of the unpolarized momen-
tum distribution as in Eqs. (10a)-(10d), with the correspond-
ing hadron mass and constituent quark mass 3. The small
value of the pion mass accounts for the enhancement of the
eq and f q4 parton distributions with respect to f q1 , which is
much more pronounced than in the case of the nucleon, es-
pecially for f q4 .
Finally, let us remark that in the LFCM it is possible
to evaluate also inverse moments. For instance, the inverse
moment
〈x−1〉q =
∫ 1
0
dx
f q1 (x)
x
(16)
exists and is well-defined in the LFCM. In fact, thanks to the
EOM relations (6a) and (6b) it is related to the first moment
of f⊥q(x) or the first moment of eq(x) (and by means of (3c)
also to s
p
) in this model. Such inverse moments have been
discussed in the literature [53] in the context of a modern
reformulation of the Weisberger sum rule [54]. In general,
in QCD as well as in the other models considered in this
work, such inverse moments diverge and are ill-defined, so
it is noteworthy that the LFCM provides a framework where
3 In the model calculation of Ref. [30] the mass of the constituent
quark in the nucleon was chosen as mq = 0.263 GeV.
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p
+
. The dashed-dotted curves show for comparison the corresponding results for the d-flavor PDFs in the proton in the LFCM of Ref. [25], which
have the same normalization for f q1 (x).
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they can be evaluated — giving the opportunity to study sum
rules based on inverse moments. We will not pursue this line
further in this work, and only remark that numerically one
obtains
〈x−1〉q = Nq×
{
2.82 for pion (this work),
3.97 for nucleon, Ref. [25]. (17)
5.2 Integrated TMDs in bag model
The numerical results for the integrated pion TMDs from
the bag model are shown in figure 2 in comparison to the
results from the nucleon in this model [25, 55]. For f q1 (x)
the results are qualitatively similar in shape and magnitude
to those from the LFCM. But for eq(x), f⊥q(x), and f q4 (x)
the bag model predicts much smaller distributions than the
LFCM. This can be understood by means of the sum rules.
In fact, f q1 (x) obeys the sum rules (3a) and (3b) which dictate
comparable magnitudes in all quark models. On the other
hand, the Jaffe-Ji sum rule (3d) does not place the same con-
straints regarding the magnitude of eq(x) in all models. The
second moment of eq(x) is sizable in the LFCM because the
constituent mass mq = 250 MeV enters the normalization of
this sum rule in the LFCM. In contrast to this, the quarks in
the bag model are massless and the sum rule (3d) is realized
differently, see A.2, due to the different EOMs in the bag
model. Another principal difference is that the TMDs of the
pion and nucleon have the same order of magnitude in the
bag model in contrast to the LFCM.
There are several interesting observations, which we sum-
marize here leaving the details to A.3. In the bag model
f q1 (x) exhibits a global maximum at xmax ≈ 1n where n is the
number of constituents, and shows an approximate reflection
symmetry f q1 (x) ≈ f q1 (2xmax− x) which is satisfied numeri-
cally (for the pion with n = 2) with an accuracy better than
O(1%) in the valence-x region. As a consequence of this
symmetry the unpolarized distribution in the pion is smaller
and broader than that in the nucleon, where f q1 (x) is approxi-
mately symmetric with respect to its peak at xmax ≈ 13 . These
are natural features in a system made of n constituents each
one carrying on average about x∼ 1
n
of the hadron momen-
tum. With increasing n one would expect the distributions to
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exhibit narrower peaks around their maxima, as we observe.
We remark that f q4 (x) has similar properties to f q1 (x), except
that this PDF peaks at a different value xmax ≈ 12n and ex-
hibits an approximate symmetry around this value, see A.3.
For pions the approximate symmetry f q1 (x) ≈ f q1 (1− x)
implies that f q1 (x) has as much support at unphysical x > 1
as in the region x < 0 where it would describe minus the
distribution of antiquarks according to f q¯1 (x) =− f q1 (−x). If
we are willing to accept the spurious contributions at x > 1
as a bag artifact (which can be remedied by adequate pro-
jection techniques), then we recognize that the pion has no
sea quarks in the bag model, besides a spurious bag arti-
fact contribution. This is a qualitatively and quantitatively
different situation than in the nucleon, where f q1 (x) peaks
around xmax ≈ 13 and the bag generates, through the symme-
try f q1 (x)≈ f q1 ( 23 − x), sizable sea quark contributions in the
nucleon which violate positivity (4a).
With this last observation one arrives (somewhat para-
doxically in view of the reservations regarding chiral sym-
metry) at the conclusion that the bag seems “better suited”
for the description of the pion structure than the nucleon
structure, as the problem of unphysical sea quarks does not
appear in the pion case.
5.3 Integrated TMDs in spectator model
In figure 3 we compare the integrated TMDs f q1 (x), eq(x),
f⊥q(x), and f q4 (x) from the pion spectator model with the
parameter fixing as described in B.3 to the results in the nu-
cleon case obtained in [25, 51]. Interestingly, and in con-
trast to other models and to the nucleon case in the spectator
model, the integrated pion TMDs do not exhibit a global
extremum at finite x, but at the boundary value x = 0. The
predictions for the functions eq(x) and f⊥q(x) of the pion
and nucleon differ significantly in this model. Although the
description of these TMDs is conceptually the same (one ba-
sically deals with the same effective diagram in the “crossed
channel” [51]), this is a consequence of the different param-
eters and the different relative size of off-shellness effects in
pion and nucleon, see B.4.
5.4 pT -dependence in models
In this Section we turn our attention to the pT -dependence
of the TMDs. Let us define the mean transverse momenta
(n = 1) and the mean squared transverse momenta (n = 2)
in a generic TMD j(x, pT ) as follows
〈pnT 〉=
∫
dx
∫
d2 pT pnT j(x, pT )∫
dx
∫
d2 pT j(x, pT ) . (18)
If a TMD had exactly Gaussian pT -dependence one would
find for the ratio
RG =
2√
p
〈pT 〉
〈p2T 〉1/2
(19)
the result RG = 1. This has been occasionally used as a quick
test to see to which extent a model supports Gaussian pT -
behavior [28] which is observed phenomenologically in many
DIS reactions [56, 57]. However, one should use such tests
with caution as the following results from the LFCM show.
In Table 1(a) we show the results from the LFCM of the
pion for 〈pT 〉, 〈p2T 〉1/2 and the ratio RG. Although RG is very
close to unity for all TMDs, the Gaussian Ansatz is only a
rough approximation for f q1 , eq, f⊥q and not applicable at
all for f q4 , as shown in the right panel of figure 4.
A more reliable test for the applicability of the Gaussian
Ansatz can be performed by introducing a different defini-
tion of 〈p2T,v〉 [55], which is adjusted such that one obtains
(if it is possible) a useful approximation of the true pT -
dependence of a TMD j(x, pT ) at a given value of (valence-)
x in terms of the Gaussian Ansatz as
j(xv, pT )≈ j(xv,0) exp
(
− p
2
T
〈p2T,v〉
)
. (20)
Although this definition is x-dependent, typically the x-dep-
endence is weak in the valence-x region where quark models
are applicable [55]. For definiteness, we choose the value
xv = 0.5 for the pion as a reference point where f q1 (x) ex-
hibits a peak in most models.
In Table 1(b) the second column displays the results
from LFCM of the pion for 〈p2T,v〉1/2 of f q1 , eq, f⊥q, where
the Gaussian approximation is rough but still makes sense,
see figure 4. These numbers deviate significantly from the
results for 〈p2T 〉1/2 in Table 1(a). The important lesson is
that the “RG-test” is only a necessary but not a sufficient
condition for the usefulness of the Gaussian approximation.
Using the definition (20), we can also directly compare all
models, see the other columns in Table 1(b). (Notice that the
definitions (18) would not be useful in the bag model, where
the integrations over x in general include unphysical contri-
butions, cf. footnote 2 and the discussion in section (5.2)).
Comparing the models we see that the predictions for the
widths vary significantly from model to model. Notice that
in the LFCM and the spectator model the physical scale is
set by the constituent quark mass, and the widths tend to
be broader. In contrast to this, in the bag model the widths
〈p2T,v〉1/2 of the pion are substantially smaller. The reason is
that the only dimensionful parameter in the bag model (here
we work with massless “current quarks” confined in the bag)
is the pion mass m
p
which is rather small.
Finally, for comparison we show in Table 2 the same
information as in Table 1(b) but for the nucleon in which
case xv = 0.3 is a more appropriate choice as this is where
f q1 (x) peaks in quark models. The nucleon results in Table 2
are from Ref. [25]4.
The comparison of the results for pion and nucleon in
Table 2 is very interesting. We see that the three models
make three different predictions. In the LFCM the pT -distri-
butions in the pion are broader than those in the nucleon.
In the bag model the situation is opposite. In the spectator
model the two hadrons have comparable Gaussian widths.
Currently these predictions cannot be tested except for the
case of f q1 (x, pT ), where phenomenological studies indicate
4 We would like to use this occasion to correct a numerical mistake
in the second column of Table 2 in Ref. [25], where the widths in the
LFCM of the nucleon were incorrectly scaled by a factor of 1/
√
p . The
second column of Table 2 in this work gives the correctly scaled values.
This correction does not affect any of the conclusions of Ref. [25].
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pion LFCM
TMD 〈pT 〉 〈p2T 〉1/2 RG
f q1 0.28 0.32 0.99
eq 0.26 0.30 0.99
f⊥q 0.26 0.30 0.99
f q4 0.30 0.33 0.98
pion LFCM bag spectator
TMD 〈p2T,v〉1/2 〈p2T,v〉1/2 〈p2T,v〉1/2
f q1 0.420 0.063 0.180
eq 0.420 0.055 0.195
f⊥q 0.420 0.063 0.200
f q4 – 0.063 0.235
(a) (b)
Table 1 (a) 〈pT 〉 and 〈p2T 〉1/2 in units of GeV as defined in Eq. (18), and the ratio RG as defined in (19) for pion TMDs from LFCM. (b) The
Gaussian widths 〈p2T,v〉1/2 defined in (20) in GeV for pion TMDs at xv = 0.5 from LFCM, spectator and bag model.
that the pT -distribution in f q1 (x, pT ) of the pion is broader
than in the nucleon [57]. This is in qualitative agreement
with the predictions of the LFCM in Table 2. One should
keep in mind though, that the phenomenological result was
inferred from Drell-Yan data at center-of-mass energies of√
s∼ 23GeV and refers to scales Q > 4GeV above the char-
monium resonance region [57]. In contrast to this the LFCM
results refer to a low scale m 0 ∼ 0.5GeV. For a more quanti-
tative comparison it is necessary to take carefully evolution
effects into account.
nucleon LFCM bag spectator (u/d)
TMD 〈p2T,v〉1/2 〈p2T,v〉1/2 〈p2T,v〉1/2
f q1 0.240 0.280 0.200/0.270
eq 0.240 0.230 0.160/0.180
f⊥q 0.240 0.270 0.180/0.230
f q4 0.350 0.170 0.180/0.250
Table 2 For comparison, the same as Table 1 (b) but for the nucleon
and at xv = 0.3. Notice that in the LFCM of the nucleon and the bag
model the widths for u- and d-flavors are the same, but not in the spec-
tator model of the nucleon.
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6 Conclusions
We have studied in constituent model frameworks the T-
even TMDs of the pion focussing on higher twist, with the
goal to establish common features, investigate the origins of
tilde-terms, and compare the results to the description of un-
polarized TMDs in the nucleon. To avoid bias and minimize
model dependence, we investigated several constituent mod-
els, including the LFCM, bag and spectator models. The re-
sults give interesting insights on the internal structure of the
pion in the valence-x region.
Our focus was on the aspects related to the modeling of
2-body dynamics of the qq¯-pair in the pion as opposed to
the 3-body dynamics in the nucleon state. The theoretical
expressions and numerical results for all higher-twist pion
TMDs eq, f⊥q, f q4 from the LFCM and bag model are new,
and so are the spectator model expressions and results for f q4
(in that model expressions for eq, f⊥q were quoted in [51]
but numerical results have not been presented previously).
We addressed the question of how genuine QCD inter-
action-dependent terms contribute to higher-twist TMDs and
are modeled in constituent frameworks. In LFCM the hadron
states are obtained from a light-front Fock-space expansion
in terms of free on-mass-shell parton states, with the es-
sential QCD bound-state information encoded in the LFWF.
Each constituent parton state obeys the free equation of mo-
tion. Therefore, certain unintegrated relations among TMDs
that are valid in free quark models are naturally supported
in this approach for both the pion and nucleon case, but not
all. In particular, relations involving the twist-4 unpolarized
TMD f q4 are not satisfied for the pion, confirming the results
obtained in the nucleon case. A fully consistent description
of f q4 (x) in light-front formalism requires the inclusion of
zero modes or higher Fock states which go beyond the scope
of the LFCM. Due to the academic character of the twist-4
function f q4 this is of no relevance for practical applications.
For comparison we discussed results for pion TMDs in
bag and spectator model. We found that the 3 models make
different predictions especially for higher-twist TMDs. We
also explored to which extent the approaches are compatible
with a Gaussian shape of the transverse momentum distri-
butions, and found that all model results can be reasonably
approximated by a Gaussian pT -shape, except for f q4 in the
LFCM model. In contrast to the bag model and the spectator
model, the LFCM predicts broader pT distributions in the
pion than in the nucleon, which is in qualitative agreement
with phenomenology. This may indicate that a more realis-
tic description of the pion structure is achieved in the light-
front approach than in the other models. More data and phe-
nomenological studied are needed to clarify the situation.
In the quark models discussed in this work, the pion was
treated on the same footing as other hadrons, i.e. as a particle
composed of the respective constituent degrees of freedom.
It has to be regarded as a limitation that these models do
not account for the nature of the pion as a Goldstone bo-
son of chiral symmetry breaking. In view of the importance
of chiral symmetry breaking, one may wonder to which ex-
tent we can trust the picture of the pion structure deduced
from such models. We do not know the answer, but recently
encouraging observations were made in this regard [25]. In
the nucleon chiral symmetry breaking effects were shown
to have profound consequences for the sea quark structure,
but far less so for valence distributions [58]. In fact, the de-
scription of valence quark distributions in chiral models [58]
is qualitatively similar to those obtained in quark models
[51, 55]. We are not aware of any argument why this sit-
uation should be fundamentally different in the pion case,
though it has not yet been investigated and remains an in-
teresting question to address. Another argument in favor of
modeling pions and nucleons on the “same footing” in con-
stituent approaches is based on the observation that pion and
nucleon have similar sizes. In quark models like LFCM or
spectator model, the scale for that is set by the constituent
quark mass which also governs the pT -behavior of valence
quark TMDs. As a last encouraging observation, let us men-
tion that in the LFCM a phenomenologically rather success-
ful description of the leading-twist pion structure (including
the T-odd Boer-Mulders function) was obtained [30]. It of
course remains to be tested in future studies whether this
success continues beyond leading twist.
Our results will provide useful guidelines for the inter-
pretation of Drell-Yan data from pion-nucleon collisions,
which are currently under study at the COMPASS experi-
ment at CERN. These data are expected to provide impor-
tant insights on the (spin) structure of the nucleon. At the
same time, these data will provide the unique opportunity
to gain valuable insights on the structure of the pion at both
leading and subleading twist. In fact, both aspects are tightly
connected, and one can view it either way: the pion is used
as a tool to investigate the spin structure of the nucleon, and
polarized nucleons are used to shed new light on the struc-
ture of the pion. In any case, a good understanding of the
pion structure is indispensable and worth exploring for its
own sake.
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A Bag model in detail
In this Appendix we include the bag model expressions for pion TMDs
and PDFs to make this work self-contained, then we discuss the sum
rules for the twist-3 function eq(x), and investigate the symmetries of
PDFs.
A.1 Expressions for TMDs in bag model
The bag model expressions for the pion TMDs,
f q1 (x, pT ) = Nq A
[
t20 (p)+2
pz
p
t0(p)t1(p)+ t21 (p)
]
,
eq(x, pT ) = Nq A
[
t20 (p)− t21 (p)
]
,
f⊥q(x, pT ) = Nq A
[
2
Mhad
p
t0(p)t1(p)
]
,
f q4 (x, pT ) = Nq
A
2
[
t20 (p)−2
pz
p
t0(p)t1(p)+ t21 (p)
]
(21)
10 C. Lorcé et al.
with p =
√
p2z + p2T and pz and hadron mass Mhad given by
pz =
(
x− 3
4n
)
Mhad , Mhad =
4
3 n
w
Rbag
, (22)
coincide with those for unpolarized nucleon TMDs [25, 55], if one
considers the flavor structure, e.g. Nu = N ¯d = 1 for p +, and writes the
normalization constant A in a way valid for mesons (n= 2) and baryons
(n = 3) as follows
A =
Mhad w 3R30
4p 2(w −1)sin2 w , (23)
where w ≈ 2.04 is the dimensionless “frequency” of the lowest bag
eigenmode. In practice one uses the physical hadron mass for Mhad and
adjusts the bag radius accordingly. The functions tl(p) in Eq. (21) can
be expressed in terms of the spherical Bessel functions jl with l = 0,1
as tl(p) =
∫ 1
0 duu2 jl(upRbag) jl(uw ).
The bag model expression for f q1 (x, pT ) of the pion was also de-
rived in [59].
A.2 Sum rules for eq(x) in bag model
The sum rules (3c), (3d) can be evaluated analytically in the bag model,
and one finds for massless quarks∫
dxeq(x) =
Nq
2(w −1) , (24a)∫
dxxeq(x) =
Nq
2(w −1)
3
4n
, (24b)
This is in contrast to QCD, where in the chiral limit the sum rule in
Eq. (24a) should diverge and the one in Eq. (24b) should vanish. These
results reflect that the MIT bag model is at variance with chiral sym-
metry [31]. The problem can be traced back to the bag boundary condi-
tion, which breaks chiral symmetry. A trivial cure to this problem is to
remove the bag boundary5 . In this way one restores free quarks which
comply with chiral symmetry in the massless limit. However, in this
way one also removes the only interaction in this model, and all tilde-
terms [25]. In particular, in this way eq(x, pT ) vanishes, as it is a pure
bag-boundary effect [31]. Interestingly, this in itself is consistent, be-
cause from the general decomposition in Eq. (6a) we see that in the chi-
ral limit and in the absence of interactions one obtains xeq(x, pT ) = 0,
although this does not necessarily imply that eq(x, pT ) itself must van-
ish as it could contain a d (x)-contribution [32, 33]. Notice however that
Eq. (24a) is within the model consistent, and provides the correct bag
contribution to sigma-term as can be seen from the cloudy bag model
study of the nucleon sigma term in Ref. [61].
It is interesting to confront (24a), (24b) with the sum rules ∫ dx f q1 (x)=
Nq and
∫
dxx f q1 (x) = Nq/n showing that the bag model predicts that at
low scale eq(x) is concentrated towards the region of lower x as com-
pared to f q1 (x),∫
dxx eq(x)∫
dxeq(x)
=
3
4
1
n
vs.
∫
dxx f q1 (x)∫
dx f q1 (x)
=
1
n
. (25)
A.3 Symmetries of PDFs in bag model
From Eq. (21) one obtains the following expressions for the PDFs
(where pz retains its meaning as defined in Eq. (22), but p denotes
a dummy integration variable in this section),
f q1 (x) = Nq 2p A
∫
¥
pz
dp p
[
t20 (p)+2
pz
p
t0(p)t1(p)+ t21 (p)
]
,
eq(x) = Nq 2p A
∫
¥
pz
dp p
[
t20 (p)− t21 (p)
]
,
f⊥q(x) = Nq 2p A
∫
¥
pz
dp p
[
2
Mhad
p
t0(p)t1(p)
]
,
f q4 (x) = Nq 2p A
∫
¥
pz
dp p
[
t20 (p)−2
pz
p
t0(p)t1(p)+ t21 (p)
]
.
(26)
5 A non-trivial cure to restore chiral symmetry is provided by ad-
equately “matching” chiral fields to the bag surface as explored in the
cloudy bag model of the nucleon [49, 60].
To understand the exact and approximate symmetries of the PDFs in
the bag model, we need to recall that t0(p) is an even function of p,
while t1(p) is an odd function of p. This implies that the integrands of
all PDFs are odd functions of p, i.e. in all cases the identity
∫
k
− k · · ·= 0
holds where the dots indicate the respective integrands. If we choose
k = pz we immediately conclude that for all PDFs one can equally well
replace the lower integration limit by (−pz) or simply by |pz|. This will
be useful in the following.
The exact properties of eq(x) can be derived as follows. We can
find the maximum of eq(x) by differentiating
d
dx
eq(x) =−Nq 2p AMhad pz
[
t20(pz)− t21 (pz)
] !
= 0
⇔ (i) pz != 0 or (ii) t20 (pz) != t21 (pz) . (27)
The condition (i) yields the position of the global maximum (as one
can confirm by inspecting the second derivative)
xmax =
3
4n
. (28)
For completeness we remark that condition (ii) leads to many more
extrema with most of them appearing in unphysical regions of x.
Next, as we have seen above, the lower integration limit in Eq. (26)
can also be chosen as |pz|. Since no factor of pz appears in its integrand,
this means that eq(x) is a function symmetric under pz 7→ −pz, i.e. it
satisfies the exact symmetry
eq(2xmax− x) = eq(x) , xmax = 34n . (29)
The above derivation can be repeated step by step with f⊥q(x). Al-
though it has a different shape, this PDF exhibits a global maximum at
the same position as eq(x) and satisfies also the same exact symmetry
f⊥q(2xmax− x) = f⊥q(x) , xmax = 34n . (30)
For f q1 (x) and f q4 (x) the situation is different, and no exact symme-
try of the above kind exists due to the appearance of the explicit factor
of pz in their integrands in Eq. (26). What one can derive in this case is
the exact relation
f q1 (x) = 2 f q4
(
3
2n
− x
)
, (31)
though the value x= 32n is not related to the maxima of f q1 (x) or 2 f q4 (x).
One interesting application of Eq. (31) is that it immediately follows
that
∫
dx f q1 (x) =
∫
dx2 f q4 (x) if one recalls the remarks in footnote 2.
One can use the above method to find the maximum of f q1 (x). The
unpolarized function has its maximum at that value of x which solves
the integral equation
pz (t0(pz)+ t1(pz))2 = 2
∫
¥
pz
dp t0(p)t1(p) , (32)
where x appears implicitly in pz, see Eq. (22). The solution can be
found numerically and reads
xmax = (1.00534 . . . )× 1
n
. (33)
This is numerically very close to x ≈ 1
n
and an intuitive result, see
section 5.2. There is also an approximate symmetry
f q1 (
2
n
− x)≈ f q(x) (34)
which for n = 2 is satisfied to within O(1%) accuracy for x ∈ [0,1]
(the approximate symmetry f q1 (2xmax − x) ≈ f q1 (x) is much better in
the vicinity of xmax but interestingly overall somewhat worse).
The situation for f q4 (x) is similar to that of f q1 (x) except for the
difference that the maximum appears at xmax ≈ 12n . More precisely, forf q4 (x) one deals with the integral relation
pz (t0(pz)− t1(pz))2 =−2
∫
¥
pz
dp t0(p)t1(p) , (35)
and the solution is
xmax = (0.989327 . . . )× 12n . (36)
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Fig. 7 Integrated TMDs of up quarks in the pion from the calculation in the spectator model of the pion [51] with a = 1 (dashed-dotted curves),
a = 1.2 (dashed curves) and a = 3 (solid curves).
B Spectator model in detail
In this Appendix we review results for f q1 (x, pT ), eq(x, pT ) and f⊥q(x, pT )
from [51], derive in addition the expression for f q4 (x, pT ), and discuss
the momentum sum rule, and parameter fixing in the spectator model.
B.1 Expressions for TMDs in spectator model
In the quark-spectator-antiquark model of the pion, the correlator (2) is
evaluated as follows
∫ dz−d2zT
2(2p )3
eip·z 〈P| y (0)G y (z)|P〉|z+=0
≡ Tr[
˜
F
q
G ]
4(1− x)P+
∣∣∣∣
p2=xm2
p
− p
2
T +xM
2
R
1−x
, (37)
where
˜
F
q =
|g(p2)|2
2(2p )3
(/p+mq)(/P+m p )(/p+mq)
(p2−m2q)2
, (38)
with g(p2) a form factor. This form factor is often assumed to be [62]
g(p2) = N
p2−m2q
|p2− L 2| a , (39)
where L is a cut-off parameter and N is a normalization constant. This
choice has the advantage of killing the pole of the quark propagator.
The results for the quark TMDs of the pion read
f q1 (x, pT ) = B
(mq + xm p )
2 + p2T
1− x ,
eq(x, pT ) =
B
(1− x)2 [(1− x)(mq + xm p )(mq +m p )
−M2R(x+ mqm
p
)− (1+ mq
m
p
)p2T
]
,
f⊥q(x, pT ) = B
(1− x)2
[
(1− x2)m2
p
+2mqm p (1− x)
−M2R− p2T
]
,
f q4 (x, pT ) =
B
2(1− x)2
{
(1− x)[(mq +m p )2−M2R]
+
p2T +M2R
m2
p
[
p2T +M2R
(1− x) −2m p mq− (1+ x)m
2
p
]}
,
(40)
where we introduced for convenience
B =
N2
2(2p )3
[
1− x
p2T + l 2R(x)
]2a
(41)
with
l
2
R(x) = (1− x)L 2 + xM2R− x(1− x)m2p . (42)
The results for the integrated TMDs read
f q1 (x) = B′
[
2(a −1)(mq + xm p )2 + l 2R(x)
]
,
eq(x) =
B′
1− x
{
2(a −1)(x+ mq
m
p
)[(1− x)(mq +m p )m p
−M2R]− (1+ mqm
p
)l 2R(x)
}
,
f⊥q(x) = B
′
1− x
{
2(a −1)[(1− x2)m2
p
+2mqm p (1− x)
−M2R]− l 2R(x)
}
,
f q4 (x) =
B′
2(2a −3)m2
p
(1− x)2
{
l
4
R(x)− (2a −3)
× l 2R(x)
[
2mqm p (1− x)+(1− x2)m2
p
−2M2R
]
+2(a −1)(2a −3)[m2
p
(1− x)2[(mq +m p )2−M2R]
−M2R
[
2mqm p (1− x)+(1− x2)m2
p
−M2R
]]}
, (43)
where we introduced
B′ =
N2
8(2p )2(2a −1)(a −1)
[
1− x
l
2
R(x)
]2a −1
. (44)
B.2 Limit a → 1 and momentum sum rule
In the limit of a → 1 and MR →mq the PDFs reduce to, see Ref. [51],
f q1 (x) a →1= 2(1− x), (45a)
eq(x)
a →1
= −2
(
1+
mq
m
p
)
, (45b)
f⊥q(x) a →1= −2, (45c)
f q4 (x) a →1=
2m2q−2mqm p (1− x)−m2p (1− x2)−2l 2R(x)
m2
p
(1− x) . (45d)
The result (45a) is interesting, as it implies that x f q1 (x) is symmetric
under the exchange x ↔ (1− x). But except for (45a) the results are
unphysical, since the distributions do not vanish for x→ 1. Choices of
a leading to acceptable results for all TMDs are discussed in B.3.
Although the limit a → 1 in (45) is not acceptable for all TMDs,
the results (45a) is useful for illustrative purposes. We shall work with
this result to discuss the sum rules (3a) and (3b). The valence sum
rule (3a) is satisfied (in the limit a → 1 and for a 6= 1) though this is
by construction, as the normalization constant N is chosen adequately.
But the momentum sum rule (3b) is not valid. In the limit given by
Eq. (45a) we obtain
å q
∫
dxx f q1 (x) = 23 , where the sum goes over, e.g.,
the constituents q = u, ¯d of the positive pion.
Taken literally this result means the constituents carry only 23 of
the hadron momentum. The deeper reason for this paradox can be
traced back to the fact that the spectator model is an incomplete system
as it does not account for the forces that would bind the constituents
to form a proper hadronic bound state which is essential6 to comply
6 A situation of this type was encountered by Lorentz who found
E = 23 mc
2 for the energy of an electron assumed to consist of a charge
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with the momentum sum rule [64]. We note that
å q
∫
dxx f q1 (x) < 23
for a > 1. Notice that in semi-phenomenological models based on the
rainbow-ladder truncation of the QCD Dyson-Schwinger equations,
one finds that valence quarks carry 23 of the pion momentum [66, 67].
One could therefore be tempted to argue that the spectator model de-
scribes TMDs at somewhat higher scales, where valence quarks do not
carry anymore 100% of the hadron momentum. However, this is phe-
nomenologically not supported [51] and must not distract from the fact
that this model lacks the dynamics to form a consistent bound state.
B.3 Fixing of model parameters
In the spectator model it is a priori not clear which value of a should
be chosen in the form factors in Eq. (39). In figure 7 we therefore show
the results from the spectator model of the pion for x f q1 (x), xeq(x),
x f⊥q(x), and x f q4 (x) for different values of a . We fix MR = mq, with
mq = 360 MeV.
The dashed-dotted lines in figure 7 show results for a = 1 cho-
sen in Ref. [51] for f q1 (x). This is not acceptable for the other TMDs
which with this choice do not vanish for x→ 1, see B.2. For a 6= 1 the
TMDs depend also on the cut-off L , that is taken equal to 0.4 GeV as
in Ref. [51]. For a > 1 one obtains eq(x) and f⊥q(x) which vanish as
x → 1. To illustrate this point, we plot the results (dashed curves) for
a = 1.2 in figure 7. However, with this choice f q4 (x) is negative, vio-
lates the inequality (4b), and even diverges as x→ 1. Both artifacts can
be fixed by choosing a > 32 . The smallest integer value a = 2 would
give a very large result for f q4 (x) with
∫
dx f q4 (x) = 10.3 strongly ex-
ceeding the sum rule (3e). We plot therefore in figure 7 the results for
a = 3 (as solid lines) where ∫ dx f q4 (x) = 3.6 overestimates (3e) less
drastically (recall that the sum rule (3e) cannot be satisfied for any a ).
We remark that one could vary the model parameters much more
than that, e.g. one could vary the cutoff or relax the assumption that the
spectator mass should be associated with the constituent quark mass
mq. But in this work we shall content ourselves with the insight on the
model dependence from the variation with respect to a in figure 7. The
results shown in the main text were obtained for a = 3.
(a) pion p2/m2q
❳
❳
❳
❳
❳
❳
❳
❳
x
pT (GeV) 0.1 0.2 0.3
0.1 -0.18 -0.44 -0.87
0.2 -0.32 -0.61 -1.09
0.3 -0.49 -0.82 -1.38
(b) nucleon p2/m2q
❳
❳
❳
❳
❳
❳
❳
❳
x
pT (GeV) 0.1 0.2 0.3
0.1 0.05 -0.21 -0.64
0.2 0.03 -0.26 -0.74
0.3 -0.18 -0.51 -1.06
Table 3 Off-shellness effects in the spectator model of pion (a) and
nucleon (b) at selected values of x and pT . If the active parton was
onshell, the ratio p2/m2q would be unity and the tilde functions in
Eqs. (6a)–(6c) would be absent.
distribution “bound by some unknown forces of non-electromagnetic
origin” [63]. The latter citation is from Ref. [64], where another 23 -
paradox of this nature occurs in a particular approximation in the chiral
quark-soliton model which disappears when working in a fully consis-
tent solution of that model [65].
B.4 Off-shellness effects and tilde-terms
The explicit expression for the tilde-terms in the spectator model with
MR = mq read
x e˜q(x, pT ) = B
p2−m2q
1− x
(
x+
mq
m
p
)
,
x ˜f⊥q(x, pT ) = B
p2−m2q
1− x ,
x2 ˜f q4 (x, pT ) = B
p2−m2q
1− x
1
2m2
p
[
[(mq + xm p )
2 + p2T ]
+ x(1− x)m2
p
− x(p
2
T +m
2
q)
1− x
]
,
These terms arise from the off-shellness effects p2 6= m2q. We recall
that in the spectator model the virtuality of the parton is given by p2 =
xM2had − (p2T + xM2R)/(1− x). The results for the off-shellness effects
at different values of x and pT are shown in Table 3(a) and 3(b) for
the case of pion and nucleon, respectively. (The nucleon results are
obtained with the axial diquark mass, with the parameters used in [25,
51].) We observe that these off-shellness effects are larger for the pion
than for the nucleon, and the difference is more pronounced for small
x and moderate pT .
In particular, the tilde-terms in eq(x) and f⊥q(x) are not only siz-
able but also negative, and in fact overwhelm the contributions of the
positive f q1 (x) in Eqs. (6a) and (6b). This explains why eq(x) and f⊥q(x)
are negative in the spectator model of the pion — in contrast to the
other models. This feature is qualitatively different from the nucleon
case, where the tilde-terms could be viewed as “corrections” albeit
not necessarily small ones [25]. The reason for that is that in the pion
case the constituent quark mass is larger than the hadron mass, i.e. off-
shellness effects are automatically more extreme than in the nucleon
case. As a result, the spectator model of the pion does not support the
Wandzura-Wilczek type approximation [68] consisting in a neglect of
tilde-terms.
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